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Abstract
In this article, we generalize some frequently used metrical notions such as:
completeness, continuity, g-continuity, and compatibility to order-theoretic setting
especially in ordered metric spaces besides introducing some new notions such as:
the ICC property, DCC property,MCC property etc. and utilize these relatively weaker
notions to prove some coincidence theorems for g-increasing Boyd-Wong type
contractions which enrich some recent results due to Alam et al. (Fixed Point Theory
Appl. 2014:216, 2014).
MSC: 47H10; 54H25
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1 Introduction
In recent years, a multitude of order-theoretic metrical ﬁxed point theorems have been
proved for order-preserving contractions. This trend was essentially initiated by Turinici
[, ]. After over two decades, Ran and Reurings [] proved a slightly more natural version
of the corresponding ﬁxed point theorems of Turinici (cf. [, ]) for continuous mono-
tone mappings with some applications to matrix equations. In the same lieu, Nieto and
Rodríguez-López [] proved some variants of the Ran and Reuring ﬁxed point theorem
for increasing mappings, which were generalized by many authors (e.g. [–]) in recent
years. Most recently, Alam et al. [] extended the foregoing results for generalized ϕ-
contractions due to Boyd and Wong [].
The aim of this paper is to present some existence and uniqueness results on coinci-
dence points involving a pair of self-mappings f and g deﬁned on ordered metric space
X such that f is g-increasing Boyd-Wong type nonlinear contraction (cf. []) employing
our newly introduced notions such as: O-completeness, O-continuity, (g,O)-continuity,
O-compatibility,MCC property, ≺-chain etc.
2 Preliminaries
In this section, tomake our exposition self-contained, we recall some basic deﬁnitions, rel-
evant notions and auxiliary results. Throughout this paper, N stands for the set of natural
numbers and N for the set of whole numbers (i.e. N =N∪ {}).
© 2015 Alam et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.
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Abstract
In this paper, we prove sharpened versions of some classical order-theoretic metrical
fixed point theorems due to Nieto and Rodríguez-López (Order 22(3):223-239, 2005)
using order-theoretic variants of completeness and continuity besides some another
notions such as: the ICC property, the DCC property, and theMCC property. In this
continuation, we further extend our results for Boyd-Wong type nonlinear
contractions. Finally, as an application of our certain newly proved results, we
establish the existence and uniqueness of solution of a first order periodic boundary
value problem.
MSC: 47H10; 54H25; 34B15
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1 Introduction
Throughout this paper, the pair (X,¹), stands for a nonempty set X equipped with a par-
tial order ¹ often called an ordered set wherein x º y means y ¹ x. Two elements x and
y in an ordered set (X,¹) are said to be comparable if either x¹ y or x º y and denote it
by x ≺≻ y. A subset E of an ordered set (X,¹) is called totally ordered if x ≺≻ y for all
x, y ∈ E. A self-mapping f deﬁned on an ordered set (X,¹) is called increasing (or isotone
or order-preserving) if for any x, y ∈ X, x ¹ y implies f (x) ¹ f (y). As per standard prac-
tice, we can deﬁne the notions of increasing, decreasing, monotone, bounded above and
bounded below sequences besides bounds (upper as well as lower) of a sequence in an
ordered set (X,¹), which on the set of real numbers under natural ordering coincide with
their usual senses. FollowingO’Regan and Petruşel [], the triple (X,d,¹) is called ordered
metric space wherein X denotes a nonempty set endowed with a metric d and a partial
order¹. If in addition, d is a complete metric on X, then we say that (X,d,¹) is an ordered
complete metric space.
In the recent years, a multitude of order-theoretic metrical ﬁxed point theorems have
been proved for order-preserving contractions. In such results, the involved contraction
condition is considerably weakened as one is merely required to hold only on those ele-
ments which are comparable in the underlying partial ordering. The techniques involved
in the proofs of such results is the combination of ideas used in the contraction principle
together with the one employed in monotone iterative technique. This trend is essentially
© 2015 Kutbi et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
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Abstract
In this article, we prove some existence and uniqueness results on coincidence points
for g-increasing mappings satisfying generalized ϕ-contractivity conditions in ordered
metric spaces. As an application of one of our newly proved results, we indicate the
formulation of a coupled coincidence theorem. Our results generalize, extend,
modify, improve, sharpen, enrich, and complement several well-known results of the
existing literature. Also, we point out that a recent coincidence point result proved in
Dalal et al. (J. Adv. Math. 7(1):1084-1094, 2014) contains errors and omissions.
MSC: 47H10; 54H25
Keywords: ordered metric spaces; g-monotone mappings;MCB property;
O-compatible pair; generalized ϕ-contractions
1 Introduction
In , Ran and Reurings [] extended the Banach contraction principle in ordered met-
ric spaces for continuousmonotonemappings with some applications tomatrix equations
wherein the involved contractive condition is required to hold merely on elements which
are comparable in the underlying partial ordering. Thereafter, Nieto and Rodríguez-López
[] slightly modified Ran and Reurings’ fixed point theorem for an increasingmapping not
necessarily continuous by assuming an additional hypothesis on the ordered metric space
and also proved some related results on ordered metric spaces besides giving some appli-
cations to ordinary differential equations. In the same development, Nieto and Rodríguez-
López [] analogously proved a fixed point theorem for a decreasing mapping in ordered
metric space and also gave some applications of their results to ordinary differential equa-
tions. In recent years, Nieto and Rodríguez-López’s (cf. []) fixed point theorems were
further extended and refined by many authors (e.g. [–]).
The idea of the coupled fixed point was initiated by Guo and Lakshmikantham [] in
, which was well followed by Bhaskar and Lakshmikantham [] where the authors
introduced the notion of mixed monotone property for a linear contraction (mapping) F :
X → X (wherein X is an orderedmetric space) and utilized the same to prove some theo-
rems on the existence and uniqueness of coupled fixed points, which can also be viewed as
a coupled formulation of certain results ofNieto andRodríguez-López []. In , Laksh-
mikantham andĆirić [] generalized these results for nonlinear contractionmappings by
introducing the notions of coupled coincidence point andmixed g-monotone property. In
©2014 Alam et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
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